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O I Abstract 

' In this paper we compute Stokes matrices and monodromy for the quantum cohomology of 

projective spaces. This problem can be formulated in a "classical" framework, as the problem of 
computation of Stokes matrices and monodromy of (systems of) differential equations with regular 
and irregular singularities. We prove that the Stokes' matrix of the quantum cohomology coincides 
with the Gram matrix in the theory of derived categories of coherent sheaves. We also study the 
' monodromy group of the quantum cohomology and we show that it is related to hyperbolic triangular 

groups. 



o 

(N 



< 

^ ; 1 Introduction 

In this paper we compute Stokes' matrices and monodromy group for the Frobenius manifold given 
by the quantum cohomology of the projective space CP''. Our main motivation is to study the links 
^ ■ between quantum cohomology and the theory of coherent sheaves. 

I Stokes matrices first appeared in the theory of WDVV equations of associativity in the paper 

On ■ by B. Dubrovin. WDVV equations were formulated in a geometrical setting: the theory of Frobenius 

Op I manifolds. From then on, the notion of Frobenius manifold has been largely studied in many papers, of 

^ which we cite @, fT^. 

I The Stokes' matrix is a part of the monodromy data for a semisimple Frobenius manifold. Monodromy 

■ data can serve as natural moduli of semisimple Frobenius manifolds. More precisely, any local chart of 
the atlas covering the manifold is reconstructed from the monodromy data. The glueing of the local 
charts is described by the action of the braid group on the data, particularly, on the central connection 

^ _ matrix and on the Stokes' matrix |^ |]l0| . 

S ■ One well-known example of Frobenius manifolds is the quantum cohomology of smooth projective 

varieties |§ |l| [|| |li . 

. - It was conjectured |11| that the Stokes matrix for the quantum cohomology of a good Fano variety 

rS I X is equal to the Gram matrix of the bilinear form F) ■= 'J2k "^^^ Ext'' {E, F) computed on 

■ a full collection of exceptional objects in the derived category Der^{Coh{X)) of coherent sheaves on X. 
More precisely, let Der^{Coh{X)) be the derived category of coherent sheaves on a smooth projective 
variety X of dimension d. An object E of Der''(Coh{X)) is called exceptional if Ext^{E, E) = for 
< i < d, Ext°iE,E) = C and Ext'^{E,E) is of the smallest dimension (if X is a projective space, 
then Ext'^{E, E) — 0). A collection {Ei, ...,Es} of exceptional objects is an exceptional collection if for 
any 1 < m < 7i < s we have ExV{En, Em) = for any i > 0, ExV{E,m En) — for any j > except 
possibly for one value of i. A full exceptional collection is an exceptional collection which generates 
Der^{Coh{X)) as a triangulated category. This theory is developed in |Q j24j ||^. We say that a Fano 
variety is good if it has a full exceptional collection. 

It is known that X = CP'' is good, the collection of sheaves on CP'^ {C'(?T,)}„gz is exceptional, 
and {Ei,E2., ■■■,Ed+i} ■— {0,0(1), ...,0(d)} is a full exceptional collection In this case, 

Sij = X (0(i — 1), 0{i — 1)), i, j = 1, 2, d -|- 1 has the "canonical form": 
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The inverse to this matrix has entries 

au = 1, Gij =0 i > j 

This matrix is equivalent to the one above with respect to the action of the braid group. We will also 
call it "canonical" . 

The mentioned conjecture claims that the Stokes matrix of the quantum cohomology of CP'' is equal 
to the above Gram matrix (modulo the action of the braid group: remarkably, this action on the Stokes 
matrix for the Frobenius manifold coincides with the natural action of the braid group on the collections 
of exceptional objects |^ [^). 

This conjecture has its origin in the paper by Cecotti and Vafa where another Stokes matrix 
introduced in |^ for the tt* equations was found in the case of the CP^ topological a model. It was 

/l X y\ 

suggested, on physical arguments, that the entries of the Stokes' matrix 5* — 1 z \ are integers. 

Vo ij 

They must satisfy a Diophantine equation x'^ +y'^ + z'^ — xyz = whose integer solutions {x, y, z) are all 
equivalent to (3,3,3) modulo the action of the braid group. The authors of ^ also suggested that their 
matrix must coincide with the Stokes matrix defined in the theory of WDVV equations of associativity, 
that is, in the geometrical theory of Frobenius manifolds for 2D topological field theories 0, 

Later, in the links between N = 2 supersymmetric field theories and the theory of derived 
categories were further investigated and the coincidence of x{Ei,Ej) with the Stokes matrix of tt* for 
CP'' was conjectured. 

The conjecture may probably be derived from more general conjectures by Kontsevich in the frame- 
work of categorical mirror symmetry. To my knowledge, the subject was discussed in (I thank B. 
Dubrovin for this reference). 

The main result of this paper is the proof (Theorem 2, 2') that the conjecture about coincidence of 
the Stokes matrix for quantum cohomology of CP'' and the Gram matrix x{Ei, Ej) of a full exceptional 
collection in Der''(Co/i(CP'')) is true. In this way, we generalize to any d the result obtained in for 
d = 2. 

We remark that it has not yet been proved that the Stokes' matrix for tt* equations and the Stokes' 
matrix for the corresponding Frobenius manifold coincide. This point deserves further investigation. 

We also study the structure of the monodromy group of the quantum cohomology of CP''. The 
notion of monodromy group of a Frobenius manifold was introduced in j^. We prove (Theorem 3) that 
for d = 3 the group is isomorphic to the subgroup of orientation preserving transformations in the 
hyperbolic triangular group [2,4,cx3]. In |]l0|| it was proved that for d — 2 the monodromy group is 
isomorphic to the direct product of the subgroup of orientation preserving transformations in [2, 3, cxd] 
and the cyclic group of order 2, C2 = {±}- Our numerical calculations also suggest that for any d even 
the monodromy group may be isomorphic to the orientation preserving transformations in [2, d + 1, 00], 
and for any d odd to the direct product of the orientation preserving transformations in [2, c? + 1, 00] by 

C2. 
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2 The system corresponding to CP^~^ 

We introduce here the linear system of differential equations whose Stokes matrices are the Stokes 
matrices for the quantum cohomology of CP'^"^ (we use the more convenient choice k — d + 1). 

In the quantum cohomology of CP'^"^ we choose flat coordinate t^,..,t'' for the symmetric non 
degenerate bilinear form < , > : 

d 

Va/i =< da, 0,3 >= Sa+f3,k+i whcrc 5q = — 
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Let 77 be the matrix {rjap)- In flat coordinates the Euler vector field is 



a^2 



qi =0, 92 = 1, 93 = 2, qk = k-1 



the multiplication is 



da-dp^ c1p{t)dj where Ca/s^C*) := mi^^pit) = dadpd^Fit) 
F{t)^- t"t^r + ^$z(t3,...,i'=)e"' 



n=2 



E 



ai, a„) 



ai + ...+Q„ = (;+l)(fc-l)+i-l+ji 



and the unity vector field is e = -Mr ■ FinaUy, let 



1(1, k,k) = 1 



9*1 



/X = diag(/ii ,...,fik)= diag(^ 



fc-1 fc-3 fc-3 fc-1 



2 ' 2 ' 

Consider the system of differential equations determining deformed flat coordinates (see Q |p^): 

= + (1) 

where z € dz '■— and ^ is a column vector of components 

Here (77"'') = {VtJ.iy)^^ ^-^d t{t,z) is one of the fc (deformed) flat coordinates. U{t) is the matrix of 
multiplication by the Euler vector field E{t), and Ca{t) is the matrix of entries {Ca)'^j ■— cf^. The 
monodromy data of the system ([^) are, by definition, the monodromy data of the quantum cohomology 
of CP*^^^ in the local chart containing t. Let us compute C2{t) and U{t) at the seniisiniple point 
(0,t2,0,...,0): 

E- dp= E^c^p da = E^c^p da = 

— k C2pda = lA" jjda 



Moreover 020/3(0, t^, 0, ...,0) = 929q9^F(0, i^, ...,0). This immediately yields 



C2(0,<2,0,...,0) 



1 
1 

V 



1 / 



, U{Q,t\Q,. ..,{)) = 



k 
k 

V 



fee* \ 



/ 



Let ya '■= Tjafi^^ = dcj- It satisfies 



dzy= [U{t^)~-ti]y 



d2y = zC2{t^)y 



(2) 
(3) 



where 



C2{t^) :=ry C2(0,t2,...,0) i]-^ 



/O 1 

1 
1 



1 
0/ 
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Uit"^) ■.^T]U{Q,t^,...,0) r]-^ = 



/ k 

k 
k 



\ke* 



k 
0/ 



Lemma 1: Lety{t'^,z) = {yi{t^ , z), ...,yk{t^ , z))'^ be a column vector solution oj the above system 
f/ie following substitution 



= z^-"+i 9rV(i',^), a = 1,2,..., A: 
the above system is equivalent to the equations 



(4) 
(5) 

(6) 
(7) 



The proof is a simple calculation we leave to the reader. 

The substitution of the lemma implies 921^9 = \zdz'^. Then 



e — —^{t , z) = z — ip[t , z) 



de 



dz 



which implies (with abuse of notation) 



f{t'^,z) = ip{ze " ) 



Namely, ip (at (0, i^, 0)) depends on one argument w — ze and satisfies the generalized hypergeo- 
metric equation 



( d \ 

( w—— I (fiiw) = ikw)^ ^{w) 
\ dw / 



The equation is equivalent to the system 



dY 
dw 



U 



Y 



where 



(8) 

(9) 

(10) 



U W(0) 



k 
k 
k 



fi := —fi = diag 



fc-1 k-3 k-5 



■ k 


fc-3 fc-1 
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The system (^ may also be interpreted as the system (^) with t^ ~ 0. We will return later (section 4) 
on the connection between its monodromy data and the monodromy data of the system (^). 

Let us study system (^). We change notation and choose the more familiar letter z instead of w. So, 
the system (H) is re-written as 

^^b + ^ly (11) 

dz z 
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and doh (1) become 



Yn{z) = ^ viz) n = l,2, k 



(12) 



(13) 



The point z = is e fuchsian singularity, and z oo is a singularity of the second kind, ( pi] ) has a 
fundamental matrix solution Yq{z) whose behaviour at z = is 



Yo{z)^{l + O{z))z''z 



R 



k 
k 
k 



■•• k 

0. 

and the monodromy for a counter-clockwise loop around the origin is g^^^^it^+R) ^ 

The characteristic polynomial of the matrix is = det(Z^ — w) = i^u)'' + (— l)'^+^fc'^. It has k 

27ri(n-l) 

distinct eigenvalues Un = k e , n = 1, k. The equations for the eigenvector x„ corresonding to 

Un, namely ZYx„ = w„ x„, written for the components x^n, ■■■,x^n of the column vector x„ are 

i + l 27ri(Ti-l) J 

X n ~~ ^ ^ X ji I ^ 1 , 2 , . . . , /c 1 

n — ^ ^ n 

With the choice a; „ — e ^ we get x„ = (e , e , e , 

transpose). The matrix 



,e-^^^^)^ (T stcnds for 



X = [xi|x2|...|xfe] = (x^„) a;-', 



,(2j-l)i7rii^ 



j,n = 1,2, ...,k 



puts in diagonal form: 



^ 27ri(n-l) 

U = X UX = dia,g{ui,U2, ■■■,Un, ■■■,Uk) Un ^ k e 



We stress that Ui ^ Uj for i ^ j. The system (|llD is transformed by the gauge X in an equivalent form 



z 



Y 



(14) 



Y = X^^Y, U = X^^UX, V = X^^fiX 



Observe that 



This implies that V is skew-symmetric 

V + V^ = 

With the gauge X, Yo{z) transforms into 

Yoiz) = (X-^ +Oiz)) zf'z^, z^O 
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3 Asymptotic Behaviour and Stokes' Phenomenon 



Our aim is to explicitely compute a Stokes' matrix for the above system (14), or for the system (|llj 
The system (O) has formal solution 



Yp = 



/ + — + ^ 



o2 U 



where Fj^s are k x k matrices. It is a well known result that fundamental matrix solutions exist which 
have Yp as asymptotic expansion for z — > cx3 in some "admissible" sectors of the complex plane of angular 
width greater then tt. In order to find such sectors we need the so called Stokes' rays, defined by 



{{ur — Us)z) = 0, r ^ s 



argz = — arg(ur — Us) + + '^'""j m = 0,1 



There exists a unique solution of the system asymptotic to Yp in a sector greater then tt and bounded 
by the first two Stokes' rays we meet extending over tt the angular width of the sector. The general 
theory of Stokes' phenomenon is found in the classical paper by W. Balser, W.B. Jurkat, D.A. Lutz j|ll. 
Stokes matrices are also a natural monodromy datum in the theory of isomonodromy deformation [[l7[ 

11 II § in. 

A possible choice for the labelling of the rays is the following: we call Rrs the Stokes' ray 



Rrs = {z = —ip{Ur — U. 

Lemma 2: For r < s the Stokes' rays of the system ^L^ ) 



p> 0} r ^ s 



are 



z — p exp yi 



2-K IT 



, p > 



Proof: Just compute 



-i{ur - Us) = -i(e~'T('-i) _ e-*Tr(«-i)) 
= 2sing(s-r)) eC'I^-f (-+-)]) 



Then we note that sin (^^{s — r)) is positive because 0<s — r<k — 1. 



□ 



Remark 1: Rrs — Rpq ior r + s = p + q. R12 is at aigz = — f , ^13 is at argz = ^ ™' -'^'-"^ 
r + s = k + 2 the corresponding i?rs's are at argz = — vr and the Rsr's are at argz — 0. Rk-i.k is at the 
angle —2tt + ^ or, equivalently, at See figure 1. 

We choose two "admissible" overlapping sectors in a canonical way. Let I be an "admissible" line 
through the origin, namely a line not containing Stokes' rays. For our purposes we take 

TT 

l = {z\z = pe^^, p e R, < e < -} 

k 

I has a natural orientation inherited from R. Wc call lift, and 11^ the half planes to the right/left of I 
w.r.t its orientation. 

Ili^ = {—TT + e < arg z < e} IIl = {e < arg z < tt + e} 
We then define two different "admissible" sectors Sl, which contain I 

5l = {z e C I < argz < tt + ^} D 11^ 

k 



TT 

Sr — {z & C \ — TT < argz < — } D 11^^ 
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k even 



kodd 



Figure 1: Stokes' rays 
We call che corresponding solutions Yl{z) and Yfi{z). 

Definition: The Stokes' matrix of the system ( p^ ) with respect to the admissible line I is the connection 
matrix S such that 

Yl{z)^Yr{z)S 0<argz<J 

On the opposite overlapping region one can prove (as a consequence of the skew-symmetry of V, see 
that 

Yl{z) - e-2-»)5^ TT < argz < TT + ^ 

k 

In S* is called a " Stokes' multiplier" . The terminology in this field changes from one author to the 
other... 

Definition: We call central connection matrix the connection matrix C such that 

Mz) = YRiz)C zeUR 



It is clear that the system (|T|) has solutions Yq{z) = XYo{z), and Yl{z) = XYl{z), Yr(z) = XYr{z) 
asymptotic to XYp{z) as z — > cx) in 5l and Sr respectively, which are connected by the same S and C. 

In order to compute the entries of S explicitely, we use the reduction of ( [TTI ) to the generalized 
hypergeometric equation (^3|). If c/?(*'^(z) is a basis of k linearly independent solutions of 

(|l3|), then the matrix Y{z) of entries {n,j) defined by 

^n\^) ^ z^-+' (z9,)(«-i) (15) 
is a fundamental matrix for (pT|). 

Lemma 3: The generalized hypergeometric equation ^l^l) has two bases of linerly independent solutions 
r{z), ^l/r(^) having asymptotic behaviours 



(„) 1 e'f("-i) 



k e^T("-i) 



l + 0( - 



inSL and Sr respectively. Let^{z) denote the row vector [ip^^'){z), ...,ip'''''^{z)]. The fundamental matrices 
Yl{z), Yr{z) of (|7jy are expressed through formula juq) in terms of^L{z) and ^r{z) and 



Yl{z) = Yr{z)S 0<argz<J 
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if and only if 



^Liz) = ^Riz)S 0<argz< 



Proof: Simply observe that for a fundamental solution in Sl or Sr (we omit subscripts L, R) 



Y{z) 



which is asymptotic, for 2; ^ cxd, to 



1 e k e k e k 



Now , the first row of Y[z) is 2; 2 <^[z) 
The Stokes' matrix S has entries 



(1) 



XY 



exp(fc2;) 



exp(A;e^2:) 



exp(Ke s j 



□ 



=0 if i?y C \Ir 

This follows from the fact that on the overlapping reagion < arg ^ < f there are no Stokes' rays and 



00, 



then e^^'''-"^) ^ 5^ 



Moreover, 5R — Uj)) > to the left of the ray Rij, while 3? — Uj)) < to the right (the natural 
orientation on Rij , from z = to 00 is understood) . This implies 

^j^^ e^(«.-«.) as ^ ^ 00 

on the left, while on the right 

I ^ ^^zui I ^jjjj e^("*-"^' ^0 as ^ ^ 00 
With this observations in mind, we prove the following 

Lemma 4 : S has a column whose entries are all zero hut one. More precisely: 
For k even 

=0 ^ - + 1, 



For k odd 



s- k+i =0 yi 



k + 1 



Sk+l k+1 = 1 
2 ' 2 



Proof: Let us determine n such that Si„ = for any i ^ n and s„„ = 1. We need to find all rays in 
n^j. We start with R^g with r < s. We know that for r + s = + 2 the ray is the negative real half-line 
(at angle —it). Then R^g C 11^ for r + s < fc + 1 (r < s). Then, in IIjj we have 

R12 Ri:i ■■■ Rik 

R23 R24 ■■■ R2,k-1 
R34 R35 ■■■ R3,k-2 

Rab 

where Rab = Rk k,-, for k even, and Rk-i k+z for k odd. In 11^ we have also Rrs with r + s > k + 2 

2 ' 2 ~i~ 2 ' 2 

and r > s. For fixed n we require Rin C TIr for any i. Namely, 



Mi <n i + n<k + l , Mi > n i + n> k + 2 
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This yields rt = | + 1 for fc even, n — for k odd. 

□ 

Let n{k) be | + 1, or Lemma 4 implies that the n{k)*'^ columns of Yj, and Yr coincide. In 

particular, their asymptotic representation holds for — tt < argz < tt + ^. Actually, this domain can be 
further enlarged, up to 

TT TT 

TT < arg z < TT H — k even 

k k 

— TT < argz < TT H fe odd 

k 



< |e^"^ I on the right of Rij, and conversely on the left. Then it is easy to 



see that for k even 



exp(z Uk^-^) 



dominates all exponentials in the sector — ? — tt < arg z < f — tt, while 



for fc odd 



exp(z Ufc+i) 



2tt 



dominates all exponentials in the sector tt < argz < tt , ^, . 

The first entry of the n(fc)*'' column is t/j^"^'^-''' (z) = lyS^^*'-'-' (z) times z^~ . Then (^("C^)) has the 
estabilished asymtotic behaviour on the enlarged domains above. 

We now introduce an integral representation for a solution (p{z) of the generalized hypergeometric 
equation which will allow us to compute the entries of S. 

Lemma 5: The function 

defined for ^ — 2{n — 1)^ < argz < ^ — 2(n — 1)^, z 7^ and for any positive number c > 0, is a 
solution of the generalized hypergeometric equation (ITjj ( the path of integration is a vertical line through 
—c). It has asymptotic behaviour 



5(")(z)^i=^i3^ exp(fce'^("-^)z) 



00 



Vfc z~ 

In particular, for n{k) — | + 1 (k even), or n{k) = (k odd), the analytic continuation of g^'^'^^^\z) 
has the above asymptotic behaviour in the domains 

TT TT 

— TT < arg z < TT H — k even 

k k 

— TT < arg z < TT H k odd 

k 

and coincides with the solution ip"^^^^^ = Lp'^^'"^^^ appearing in the first rows of the fundamental matrices 
Yl and Yr of the system ([H[j. 
The following identity holds 

E (-1)""' (^) 5^"H^e^*™) = (16) 

m=0 ^ ^ 

We'll sketch the proof in Appendix 1. 
Remark 2: Observe that for basic solutions of the hypergeometric equation ^l/r — [v^/^j V^l]r\^ 

^(")(z)^ ___exp(A:e^^("-i)z) 
yk z~ 



on some sector, and 



^("^ze^) - (-1) — exp(/fce'^(["+il-i);2) 

\/k z~ 

like — on the sector rotated by ^f^. Note however that Lp^^\ze^) ^ (Vl;z~2-)-i ^kz ^ jjj^g 

Also, note that g^"\ze^) ~ — g("+^)(z) (we mean analytic continuations), with asymptotic be- 
haviour on rotated domain. 
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4 Monodromy Data of the Quantum Cohomology of CP 



fc-i 



Let us return to the system 



In this section we use the original notation w = ze ^ . The system has a fundamental matrix 
2/o(t', z) = {I + Ai{t')z + A2{t^)z^ + ...) z^ z^O 



(17) 



where R is the same of system (11). The series appearing in the solutions converges near z — 0. The 



matrix Z^(i^) has eigenvalues and eigenvectors 



'-(n-1) 



M„e I' n — 1, k 



x„(i2) of entries x\,{t^) = e»(2j-i)("-i)f 



Let X{t'^) = {x^n{t'^))- With the gauge y = Xit"^) y{t'^,z) we obtain the equivalent system 



dzy = 



2^ , Vit') 



(18) 



U{t^) = x-\t^)u{t^) x(^2) = diag(^il(^2),...,«fe(^2)) 

V{t^f + V{t^) = 

The skew symmetry of V follows from rjjl + firj = and from the choice of the normalization of the 
eigenvectors, such that X{t'^)'^ ^{t"^) = V^^ ■ 

Let us fix an initial point to = (0,tQ,0, ...,0). The system ( |l8|) has fundamental matrices yii{tQ,z), 
2/1,(^0,2)7 which are asymptotic to the formal solution 



yF{tl,z) = 



I 



ml) , mi) 



in the sectors 



SL{to) = {zeC I 0<arg 
SR{ta) ^{zeC\ - vr < arg 



zexp — 
k 



zexpi - 



and 



yL{tl,z) = yR{tl,z) s 
with respect to the admissible line 



< arg 



z exp 



< 



3m t^' 

kg := {2; I 2: = pexp ( — ^ ) , p > 0} 



The Stokes' matrix is precisely the matrix S of system ( |ll| ) with respect to the admissible line Itg- Also 
the central connection matrix defined by 



yo{tl,z) = yR{tl,z) C 



TT < arg 



ze 



TT 



is the the same of the system (|1 Ij) . 

Definition: C and 5', together with jl, R, and e = ^ are the monodromy data of the quantum 
cohomology of CP''^^ in a local chart containing tg. 
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Recall that we fixed a point to = (0, tg, 0). When we consider a point t away from to, the system 
17| ) acquires the general form 

A" 

z 



y 



(19) 



where Z^(t\..,i'=) ^r]U{t) -q-^ and y'i\t^ , ..,t^\ z) = dj^{t,z). 

The admissible line It^ must be considered fixed once and for all. Instead, the Stokes' rays change. 
This is because they are functions of the eigenvalues Uk{t) of the matrix U{t^ , ..,t'^). For 

example, if just varies, while t 



1 - +3 _ 



t'' = 0, the system (|17|) has Stokes' rays 



I .2tt .tt 

p exp I- i — ir + s) 

' k k 



% — -. I , P > 0} 



The dependence of the coefficients of the system ( |T9| ) on t is isomonodromic |T^. Then \ji and R 
are the same for any t. S and C do not change if we move in a sufficently small neighbourhood of to- 
Problems arise when some Stokes' rays cross Ito- S and C must be modified by an action of the braid 
group. We will return to this point later. 



5 Computation of S 

To compute S, we factorize it in "Stokes' factors" . Our fundamental matrix has the required asymp- 
totic form on the sector between Rk2 (argz = 0) and Rik (argz — tt + Yr has the same behaviour 
between i?2fc (argz — —tt) and Rki (argz — 

Of course, we can consider fundamental matrices with the same asymptotic behaviour on other sectors 
of angular width less then tt + and bounded by two Stokes' rays. We introduce the following notation: 
consider a fundamental matrix of (|l^) having the required asymptotic behaviour on such a sector. If we 
go all over the sector clockwise we meet Stokes rays belonging to the sector at each displacement of ^. 
Let Rij be the last ray we meet before reaching the boundary (the boundary is still a Stokes ray not 
belonging to the sector). Then we will call the fundamental matrix K^. For example, Yl — Yki and 
Yr = Yik- See figure 2. 

Sometimes, a different labelling is used in the literature. The rays must be enumerated as in figure 
3. The numeration refers to the line I: the rays are labelled in counter-clockwise order starting from the 
first one in Ilfj (which will be Rq] then i?o, Rk~i are in Hn, and Rk, i?2/c-i are in 11^). For 

our particular choiche of / , i?o = Rik (at argz = — tt -|- ^); Ri = Ri^k-i follows counter-clockwise... 
Then we proceed untill we reach Rk-i = Rk2 before crossing I, and so on. The fundamental matrices 
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Figure 3: Sector Sk and labelling of Stokes' rays 



are labelled as we prescribed above, namely Yj if its sector contains Rj as the last ray met going all over 
the sector clockwise before the boundary. The sector itself is denoted by Sj. See figure 3. 
We define Stokes ' factors to be the connection matrices Kj such that 

on the overlapping region of width tt. We warn the reader that also the Stokes' factors will be labelled 
with both conventions above, according to our convenience (for example Kq = Kik). 
As a consequence of the above definitions, we can factorize S as follows 

Yl = Yki = Yk2Kk2 = Yk3Kk3Kk2 = - 

■ ■■ = YikKikKi k-iKkh-iKkh-2---Kk3Kk2 = Y^S 



Then 

S = KikKi^k-iKkM-iKk,k-2---Kk3Kk2 
We observe that, being the first row of Y{z) equat to z^~^{z), the following holds: 



(20) 



Remark 3: The Stokes' factors of the system (|11|) and of the gauge-equivalent system are the 
same. From the skew-symmetry of V it follows that Kji — {K'^^)'^ . 

Before computing the Stokes factors explicitely, we show that just two of them are enough to compute 
all the others. Let 



F{z) := 



11 1 e'fc" /, ^ s 

-exp(fczj, ——^exp(ke »= z), 



Vk 



Vk. 



1 ^^'^^^lexpl*."?.'-...) 



Vk z' 



be the row vector whose entries are the first terms of the asymptotic expansions of an actual solution 
$(z) of the generalized hypergeometric equation. By a straightforward computation we see that 



/ 

-1 



1 



F{ze^) = F{z)Tf 



-1 



1 oj 
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We use now the convention of enumeration of Stokes' rays Rq, Ri, ... starting from I (see above). Let 
$m(2:) be an actual solution of the hypergeometric equation having asymptotic behaviour F{z) on Sm- 

Then 

^m+2{ze'^)^ F{ze^)^F{z)TF , z G 

Namely, 

$m+2(^e^)r^' - F{z) , zeSm 
then, by unicity of actual solutions having asymptotic behaviour F{z) in a sector wider then tt, we have 

Lemma 6: For any p dTi 
Proof: For z G S,n H Sm+i 

'^m+l{z) = ^m{z) Km = ^.m+2{ze^) Tp^ Km = 



Then Km+2 — Km Tf ■ By induction we prove the lemma. 



□ 



^From the lemma it follows that just two Stokes' factors are enought to compute all the others. We 
are ready to give a concise formula for S: 

Theorem 1: Let I be an admissible line (i.e. not containing Stokes' rays), and let us enumerate the 
rays in counter-clockwise order starting from the first one in Wb. (which will be Rq, then Rq, Ri, 
Rk-i are in Hr, and Rk, i?2fc-i are in Hl). Then the Stokes' matrix for ([71[j, ^1^, ( fl^ and fc > 3 
is 

( {Ko Ki Tp^Y TJ = TJ {Tp^ Kk-2 Ku-iY , k even 

S=\ (21) 

I (Xo K^ Tp^)^ Ko Tp^ = Tp^ Kk-i {Tp^ Kk-2 Kk-i)^ , k odd 

Proof: 5* = A'o K^ K^ ... Kk-i, K2p = Tp'' K^ and K2p+i = Tp^ Ki T^,. Then 

S = KoKi (Tp'KoTf) {Tp^KiTf) K^K^ ... K^-i 

= (KoK^Tp^) KoKi Tf K^K^ ... K^-i 
= (KoKiTp^) KoKi Tf (Tp^KoT^) (Tp^K^T^) Ke ... Kk-i 
= iKoKiTp^)iKoKiTp') K^K^T} Ke ... Kk-i 

Now observe that Kk-i = Tp'^^^^^ Ki Tj^^ for k even, while Kk-i = Tp^^^ Kq for k odd. 

Then, for k even 

S ^ {KoK^Tp')^-^ KoKiTj'^ Kk-2Kk-i 

= iKoKiTp')^-^ KoKitI'^ Tp^^'^^KoTp^ Tp^'^'^^ K^Tj'^ = {Ko K^ Tp^Y Tj 
For fc odd: 

S = {KoKiTp')'^ KoKiTp^ Ku-i 
= {KoK^Tp')^ KoKiT^ T^^^^i^oT^ = {Ko K^ Tp^)^ Ko Tp^ 
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If instead we write the Stokes' factors in term of Kk-2 and Kk-i we obtain the other two formulas in 
the same way. 

□ 

Remark 4: For our particular choiche of I, Kq = Kik, Ki = Ki k-i, Kk-2 = ^fcs and Kk-i = Kk2- 
For /fc = 3 

It is now worth deriving some properties of the monodromy of Y{z) (for (|ll|)) and ^{z) (for (|l3|)), 
which will be usefuU later. Consider ^^(z) with asymptotic behaviour F{z) on Then 

$,„(z) = ^m-2{z) K,n-2 K„,-l = ^,n{ze^) Tp^ Kra-2 K„,^i 

On the other hand 

$„(z) - $™+2(z) K-X, i^™' = $™(^e-"^) Tf if^ii 
This proves the following 

Lemma 7: T/ie basic solution <I>„i(z) of the generalized hypergeometric equation ( [7^j mi/i asymptotic 
behaviour F{z) on Sm, satisfies the identity 

where 

Corollary 1: The monodromy (at z = 0) o/$„i(z) is 

$„(ze2") = $,„(z) (r™)'= 



Now, for our particular choiche of the line I and for m ^ k, <I>m(z) = For the solution Yl{z) 

of (0), the relations Yr{z) = ^^(0) (0 < argz < f ), l^z) = yR(ze-2-») 5^ (^ < arg z < tt + f ) 
immediately imply 

YL{ze^n^yL{z) 

Recall that the (n,j)-th entry of Yiz) is r„j(z) ee ri^'^(z) = z^'''+^ (z9^)("-i) (^^^H^), and 

observe that (ze^'^*)^" = (—1)'^"-'^ z^~ Then, from Corollary 1 we get the following: 

Corollary 2: Let T be the k-monodromy matrix of (namely, T = for our choiche of I). Then 

Our formula ( pT| ) allows us to easily compute 5. The recipe is simply to take K^^, Kk2 (which we 
are going to compute explicitely) and substitute them into 

S^TJ {Tp^ Kk3 Kk2)^ = t| T-^ (22) 

for k even, or into 

S = T^ Kk2 (Tp' Kk3 Kk2)^ ^ T^ Kk2 (23) 

for k odd. 

Computation of Stokes' factors: We need to distinguish between k odd and even. In the 
following g{z) will mean ^("('^^^(z) (n(fc) = | + 1 or for k even or odd respectively). 

k odd: 

g{z) = v^—\z)^^'^;^\z) 
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with asymptotic behaviour on 



2tt 

-TT < aigZ < TT H — — 

k 



If we iterate the map z i— > ze^" for to = 1, 2, -^i-!- times, the domain of ^(ze^"™) for each to covers 
Sr. When we reach to — -^ii a new iteration (i.e. a new rotation of the domain of — ^) will live the 

sector — ^ < argz < ^ oiSu uncovered. The same, if we do z i-^ ze~^ the sector — tt < argz < — 7r+^ 
of Sr remains uncovered. Then, by remark 2: 

$ifc(z) = (^r{z) = (^(-l)^g(ze*^('^)), ... unknown terms ... , 

g{z), -g{ze^), g{ze^), ... , (-l)^5(ze'^(^))^ 
In the same way we see that 



fe-i 



unknown terms .. 



and similar expressions for $^^^-1, ^k,k-2, ^fc3,'I'fc2- The unknown terms are computed 

using the identity ( p^ ) and simple considerations on the dominant exponentials |e^"'| on the sectors 
which remain uncovered in the iterations of z i— > ze^*"^. 

Example: A simple example will clarify this procedure. Let k — 7; then g = (^'•''•', 

^i? = = (-g(ze^), ?, ?, g(z), -g(ze^), g{ze^), - g{ze^)) 
We look for y'^''. If we take {—l)g{ze~i^) we miss to cover — tt < argz < — tt + 



in Sr. On 



-TT < argz < — TT + y (betwecn two nearby Stokes' rays) we have the relations je^"*! > |e^"^| > |e^ 



On — TT 



< argz < — TT 



27r |„zii4| 



> |e^"3| (later on we will simply write 4 > 3). Then 



^f{z) = (-l)g{ze^) + c,^^;^\z) + c,^f{z) 



To find C4, C5 we need another representation for We consider {—l)g{ 
asymptotic behaviour, but on a domain which leaves uncovered — ^ < argz < j. The relations are: on 
< argz < f , 1 > 7 > 2 > 6 > 3; on -f < argz < 0, 1 > 2 > 7 > 3; on < argz < -f , 2 > 1 > 3; 
on < argz < 2 > 3. Then 

^k'^W = {-l)g{ze'^)+d^^^^\z) + d2^^^\z) + devfiz) + drv^;^\z) 
In the same way one finds 

,,(2)/,^ „ / gize^) + asifiR^z) + a4V3fl^(z) + a^ip^^^z) + aQipf' {z) 

\Z) — \ , lOxis , , (1)/ \ , > (4)/ N 

L g(ze -r ) + biipy {z) + b2^'R' (z) 

if^^^^s are known for i = 1,4, 5, 6, 7. Using the identity (Hq) we compute a, &, c, d. We get 



ze 7 



which has the correct 



^r\z) = g{ze '")~[\) 9{ze ''''") + 



vf[z)^-g{ze^)+y^jg{z) 
A similar computation gives $71 = $l. 

-g(ze 7 ) 
9{z) 



5(ze ") + 
g{ze^) 



g{ze ") 



g{ze- 



67ri / 7 \ llLl 



-^(ze V ) + 



g{ze- 



-g{ze 7 ) + 
g[ze^) + 



g{ze 7 ) + 



9i^) 
9{z)- 



g{ze V ) 

2„i ( 7 

g{ze 7 ) + 



3(ze 7 ) 
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and 



-g{ze 7 ) + 



7 \ , 421 
g I 3(26 7 ) 



-5(ze" 

5(26"" 

-5(26" 
5(2 

-5(26' 

7' 



7 \ , 27ri, 
5 ) 5(26 7 ) + 



5(2) 



5(2)- 



5(26 



Notice that in each of the last three entries of $72 there is a term missing w.r.t the corresponding entries 
of $71. This immediately impHes 



Kr2 



000 
0100 



0010 



0001 

0000 
0000 
0000 



(a) 






(I) 



A 



The next step is the computation of $73 and 7^73, through $72 = $737^73. It is done in the same way... 

The above procedure is extended to the general case. In Appendix 2 we give, for example, the general 
expressions of and The factors of interest are: 

k odd: 

{Kk2)j, k-j+2 = (^2{j^- 1)) ^ ^ ^' ^■^'^^^^'i ^ ^ ^ ^ ^^"^ entries are 

zero. 

(iffe3)2,i = -(j); (^fe3kfe-i+3= (2^-3) fori = 3,...,^. (i^fc3k,=lforj = l,...,fc. All the 
other entries are zero. Namely: 



k2 ■■ 



(.-0 



(^) 



(^) 



\ 

( ' 



(fc-2) 



(?) 



J 

° \ 

is) 



k even: 
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{Kh2)j, k-j+2 = ^2(j - 1)) ^ ~ ^' ^' = 1 for j = 1, ...,k. All the other entries are zero. 



k 

)2A = - I ^ I ; \-l^k:i)j, k-j+3 

other entries are zero. Namely 



k 

2j-3 



{Kk3)2.i = - ( 'i ) ; (Kk3)3, k-j+3 = ( o/l Q ) ' foi^ j = 3. 1 + 1- {Kk3)j,j = 1 for j = 1, k. All the 



(a) 



Kk2 



v 



Kk3 



(0 



(^) 



^ 1 / 



6 Reduction of S to "Canonical" Form 

Some examples of computations of S are in Appendix 2. The reader may observe that S is not in a nice 
upper triangular form (see also Lemma 4) and quite strange numbers (complicated combinations of sum 

and products of binomial coefficients) appear. 

Some natural operations arc allowed on the Stokes matrices of a Frobenius manifold: 

a) Permutations. Let us consider the system 



dY 

dz 



U + -V 

z 



Y 



where U = diag(ui, U2, Ufc). Let a : {l,2,..,k) i-^ (cr(l), a(2), cr(fc)) be a permutation. It is 
represented by an invertible matrix P such that 



PUP^ = diag(U(^(i),M^(2),...,M^(fe)) 



The system 



has solutions 



dy_ 

dz 



PUP-^ + -PVP-^ 
z 



y 



yL/R{z) ■•= P Ylir[z) P-' ^ (/ + Oi-)) e^^^^"' yL{z) = yR{z) PSP-' 



yo{z) := PYo{z) = (PX-1 + 0{z))zi'z'', yo{z) = yR{z) PC 
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S and C are then transformed in PSP~^ and PC. For a suitable P, PSP^^ is upper triangular. As a 
general result the good permutation is the one which put ito-(i), Wo-(fc) in lexicographical ordering 
w.r.t. the oriented line /. The effect of the permutation P corresponds to a change of coordinates in the 
given chart, consisting in the permutation a of the coordinates. 

b) Sign changes of the entries. The construction at point a) is repeated, but now a diagonal matrix 
T with I's or — I's on the diagonal takes the place of P. In ISI^^ some entries change sign. Note 
that XUX~^ = U . Moreover, the formulae [|j which define a local chart of the manifold in terms of 
monodromy data are not affected by 5' i— *■ C i— > TC . 

c) Action of the braid group. 

We first recall that the braid group is generated by fc — 1 elementary braids /3i2, /323, Pk-i,k, with 
relations: 

/3i,i+i/3jj+i = for i + 1 7^ j + 1 

Pi,i+lPi+l,i+2Pi,i+l = Pi+l,i+2(iiS+lPi+lS+2 

This abstract group is realized as the fundamental group of (C''\diagonals)/5fc := Ufe) | ui ^ 

Uj for i ^ j}/Sk, where Sk is the symmetric group of order k. 

In section 4 we proved that the Stokes' rays of the systems ( |T7| ) (|T^), and more generally the rays of 
the system (pj|), depend on the point t of the manifold. This is equivalent to the fact that the eigenvalues 
ui{t), Uk{t) oiU{t) depend on t. When t changes, ui{t), Uk{t) change their position in the complex 
plane. Consequently, Stokes' rays move. Let us start from the point = (Oi^oi ■■■jO)- If we move in a 
sufficently small neighbourhood of the rays slightly change their positions. But if we move sufficently 
far away from t^, some Stokes' rays cross the /ia;erf admissible line Ito- Then, we must change "Left" and 
"Right" solutions of (|l9|). Then also S and C change. This is the reason why the monodromy data S 
and C change when we go from one local chart to another. 

The motions of the points Uk{t) as t changes represent transformations of the braid group. 

Actually, a braid can be represented as an "elementary" deformation consisting of a permutation 

of Mi, Mi+i moving counter-clockwise (clockwise or counter-clockwise is a matter of convention). 

Suppose wi, Uk are already in lexicographical order w.r.t. /, so that S is upper triangular (recall 
that this configuration can be reached by a suitable permutation P) . The effect on S of the deformation 
of Mi, Ui+i representing is the following : 

S ^ S'^»''+i A'5"+i(5) S Af^-'^+^S) 

where 

(^ft-+^(5))_ = l n = l,...,k + l 

and all the other entries are zero. 

For the inverse braid P^l^i {ui and iti+i move clockwise) the representation is 

(a'^'^^+i(5)) =1 n = l,...,k n^i,i + l 

V / nn 

\ / i.i 

( {S)] = f (5)) = 1 

and all the other entries are zero. 

For a generic braid /3, which is a product of N elementary braids (for some N) (3 = /3jj 
the action is 

S^S^ = Af\S) S [Af^{S)f 

where 

We remark that S^^ is still upper triangular. 



18 



(example k=7) 



Figure 4: Effect of the braid which brings S to the canonical form on the lines Lj 



In figure 4 we have drawn some lines Lj = {A = Uj + pe'^^ ^"^^ p > 0} (0 < e < ^ is the angle of I), 
which help us to visualize the topological effect of the braids action ( they are the branch cuts for the 
fuchsian system which will be introduced in section 8). We are going to prove that the braid whose effect 
is to set the deformed points in cyclic order and the cuts in the configuration of figure 4 (namely, the 
last two cuts remain unchanged, the others arc alternatively "inverted"), brings S* in a canonical form: 



^ j = l,...,k- 2; Si,i+2 

k 
k- 



Namely 



(l 



\ 



Vi = 1,...,A;- 3; 



\/i = 1, k — n-\-l] 



k-l 
k 

k-2 



(24) 



Note that the last column is negative. Its sign is inverted by 5 i— > ISI, where I := diag(l, 1, — 1). 
Lemma 8: Let the points Uj (j = l,..,k) be in lexicographical order w.r.t the admissible line I. Then 
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o 
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o 
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Figure 5: Effect of the sequences of braids which bring S to the canonical form (the figure refers to k 
even) 
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the braid 



P '■= (/?fe-5,/c-4 Pk-6,k-5 ■■■ P12) {Pk-6,k-5 Pk-7,k-6 ■■■ ^23) (/3fe-7,fe-6 ••• Pzi) ■■■ 
... /?|_2j_i (/3fe-3,fe-2 /3fe-4,fe-3 ••• P12) 

for k even, or 

P '■= (/3fe-5,fc-4 Pk~6,k-5 ■■■ /3l2) {Pk-Q,k-5 f3k-7,k-6 ■■■ ^23) (/3fe-7,fc-6 ••• I^m) ■■■ 

... {Pk-s k-i Pk-5 k^) {f3k-3,k-2 Pk-4,k-3 ■■■ Pu) 
2 ' 2 2 ' 2 

for k odd, brings the points in cyclic counter-clockwise order, ui being the first point inliL (figure 4, 
right side, or figure 5). 

Note that we have collected the braids in | — 1 (A: even), or (fc odd) sequences (...). 

Proof: Let k be even. The first braid Pk-5,k-4 iterchangcs Uk-4 and Uk-5. The second braid inter- 
changes Uk-5 and Uk-e- One easily sees that the effect of the first sequence of braids (/?fe-5,fe-4 /3fc-6,fc-5 ••• /?12) 
is to bring ui in the (old) position of Uk-i, Ufe-4 in the position of Uk-5, Uk-5 in the position of Uk-6, 

U4 in the position of U3 and U2 in the position of ui (figure 5). Uk, Wfe-i, Wfc-2, Wfc-3 are not moved. 

The second sequence of braids {l3k-e,k-5 Pk-7,k-e ■■■ ^23) acts in a similar way, bringing U2 in Uk-5, 
Uk-5 in Wfc-6, U3 in u^. Uk, Uk-i, Uk-2, Uk-3, Uk-i are not moved. 

We go on in this way. After the action of 

(/3fc-5,fc-4 /3fe-6,fe-5 ••• P12) (/3fc-6,fc-5 /3fe-7,fe-6 ••• P23) (/5fc-7,fc-6 ••• f^34) ■■■ /3i_2,|-l 

the points are as in figure 5: Uk is on the positive real axis, Uk-2 is the first point met in counter-clockwise 
order, m is the second, U2 is the third; the points are in cyclic order up to Ufc-s; finally, Uk-i is the last 
point before reaching again the positive real axis from below. 

Then, {Pk-3,k-2 /3fe-4,fc-3 ••• /3i2) brings ui in Uk-2, Ufe-2 in Wfe-a, Uk-3 in Ufe-4, and so on. The 
cyclic order is reached. 

For k odd the proof is similar. 

□ 

A careful consideration of the effect of the braid f3 on the lines Lj (which we leave as an exercise 
for the reader) shows that they are alternatively inverted as in figure 4. To reconstruct uniquely this 
configuration we just need to know the oriented line /, namely, its angle e w.r.t the positive real axis. 
The points Uk-i, u^ and the lines and are unchanged (angle ^ — e). The line at Ui starts in the 
opposite direction, it goes around U2, ...,Uk~2 without intesecting other cuts, and then goes to 00 with 
the original asymptotic direction ■§ — £• Moving in the direction opposite to that of I we meet Uk-2- Its 
line has the original direction f — e. Then we meet U2, and the corresponding line starts with opposite 
direction, goes arouns U3, ...,Uk-3 and then goes to 00 with asymptotic direction f — e. And so on. 

Now we find the matrix representation for the braid (3. 
Proposition 1: The braid (3 of Lemma 8 has the following matrix representation: 



r 



{') ° (^) 



1 0\ 

(^) " M 



(J) 






(J) 
(^) 
(3) 



1 (.-a) « (.-4) " ° 



Vo 







1 0/ 

1/ 
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for k even. 



too 




1 



1 
1 



(J) " 
(3) « 



vO 



for k odd. 







CO 

io 



(?) 
(?) 
(?) 



' 



1 (^^^3) 







1 




The means yj 3 increases by one when we move downwards row by row. 

Proof: We need some steps. 

1) For an upper triangular Stokes' matrix S (with entries Sij) the entries of the matrix which are 
different from zero are the following: 

k odd: 



^fe-l,fe-l ^ ^k.k ~ 



For j even, 2 + 2i<j<k-2, and i= 1,2, | - 1 



i,2i 



n=l 



Fn,i,j — 



ai=l 




\ 



f{hj,C() — S2i,2i+2ai S2i+2ai ,2i+2ai+2a2 ■S2i+2ai+2a2,2i+2ai+2a2+2a3 ••■ S2j+2ai + ...+2a„ j" 



For j even, 2i + 2 < j < fc - 2 and i = 0, 1, f - 2 



f+i,2i+l 



= 1 



-i—n I i—i — a-i—n+1 I i — i — ai — 02 — n+2 / 



ai=l 



E 

a2 = l 



E 

0:3=1 



E 

a„ = l 



-e::i--i 

E 



Q;) — S2j+l,2j+2ai S2j+2ai,2i+2ai+2a2 S2i+2ai+2a2,2j+2ai+2a2+2a3 ••• •S2i+2ai+...+2a„,j 
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More explicitely, 





1 

1 -S46 

1 — S24 — S26 + S24S46 

-Sl2 — Sl4 + S12S24 — S16 + (S12S26 + S14S46) — S12S24S46 

1 — .S'34 — S36 + S34S46 

1 -S56 





k odd: 



For j odd, 2i + I < j < k - 2, i = I, 



Ak-i 



-i — ai — n+1 



n=l 



ai=0 



a2 = l 



E 



V 



C«»i = l 



h{i,j,a) = S2i,2i+l+2ai S2i+l+2ai,2i+l+2ai+2a2 ■■■■ S2j+l+2ai + ...+2a„,j 

For j odd, 2i + 3 < j < - 2, j = 0, 1, 



^tzl-i^2i+l — 1 



= -S2i+i,, + 1] (-1)"+V(n,z,j) 



n=0 



E 



cti — 1 



a2 — 1 



/ ^-'-e::>'-i 
E 



V 



= S2i+l,2i+l+2ai S2i+l+2ai,2i+l+2ai+2a2 ••• S2i+l+2ai + ...+2a„,j 



More explicitely: 



a" (5) = 

















1 












1 





-S57 








1 





— S35 





-S37 + S35S57 


1 





-Sl3 





— Sl6 + S13S3B 





— Sl7 + (S13S37 + SIBS67) — S13S35S67 





1 


— S23 





— S26 + S23S3B 





— S27 + (S23S37 + S25S67) — S23S3BS57 










1 


— S4B 





— S47 + S45S57 














1 


— S67 
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In order to prove the above expressions, we have to find each matrix A^^''+^ corresponding to the 
elementary braid appearing in (3. This means computing its entry {i + l,i + 1). This is a rather 

compHcatcd problem, since the entry (z + 1,? + 1) of a given is minus the entry + 1) of the 

Stokes' matrix resulting from the action of the elementary braids acting before which in general 

is a sum of products of the elements Sij of the initial Stokes matrix S. 

First we recall that S i— > A^'''+^ S A/^'-'+^ has the following effect on the entries of S: 

while all the other entries of S remain unchanged. 

We start from A^''-^-''-*, whose non trivial entry is simply —Sk-5,k-4- Its action on S brings Sk-6,k-5 
to Sfc-6,fe-4 (the reader may compute all the elements of S^''^'^-''-^). 

Then, the entry of A'^'=-6,*:-5 ig —Sk-6^k-4- Proceeding in this way, the reader may check that for the 
first sequence of braids {Pk-5,k-4l3k-6,k-5 ••• /?i2) the entries + 1) of the matrices are: 

-Si,fe_4 for^^*'*+i 

Now, observe that 



/I 



1 

1 Xl 



\ 



1 

1 X2 



1 

1 Xl 

1 X2 



V i/ \ i/ V 

and recall that A^^^^ = A^^A^^. This implies for the first sequence of braids: 



1 



mi 



._ ^/3fe-5,fe-4 8k-t,k-5 ■■■ 012 



1 



* 

1 * 



V 



1/ 



the entries * arc exactly those of the ^j^j+i's, namely — Si,fe-4, — S2,fc-4) — Sfe-5,fe-4 from the top to 
the bottom of the {k — 4)*'* column. 

For the second sequence of braids {(3k-7,k-6 ■■■ P34), the entries are 

-Si_i,fe_6 for^'^^'^+i 

and, as above: 

/I 



m2 



j^0k-B,k-5 /3fe-7,fe-6 ■■■ 023 





1 
1 



* 

1 * 



1/ 



24 



and the entries * are those of the ^j^j+i's (namely, —si^k-6i ~Sfe-7,/c-6 from the top to the bottom). 
For the third sequence (/3fe-6,fe-5 ••• P23), they are 



-Si-2,k- 



for 



and: 



/I 



ma 



J^0k-7,k-6 ■■■ 034 





1 
1 



* 

1 * 



V 



1/ 



And so on. We reach the last but one "sequence" , namely /3*i_2 i _i for k even, or {l3k-3 k-^_(3k-i_ k-3 ) 
for k odd. The entries are — S12, or —5235— sis respectively. Then 



2 ' 2 2 ' 2 



/I 



:= = 



1 

1 -S12 



1/ 



or 



mic-5 := A 



' k-3 k-lPk — 5 k-3 





1 

1 



1 

-Sl3 

-S23 



1 



V 1/ 

The entries for the last braid are more complicated, because the entries on the first upper sub-diagonal 
of the Stokes' matrix have been shufHed by the preceeding braids. We give the result {Ai j+i stends for 

Ak-3,k-2 '■ — Sk-3,k-2 
Ak-4,k-3 '■ — Sk-6,k-2 + Sfc-6,fc-4Sfc-4,fc-2 
Ak-5,k-4 ■ — Sk-7,k-2 + (Sfc-7,fc-4Sfc-4,fc-2 + Sfc-7,fc-6Sfc-6,fc-2) — Sfc-7,fc-6Sfc-6,fc-4Sfc-4,fc-2 



— — 1 

Ak_i k : — Sl,fc_2 + (si2S2,A:-2 + Sl4S4,fc-2 + ■•■ + Sl,fc-4Sfc-4,fc-2) + ■•■ + (—1)^ Sl2S24S48---Sfc-4,/i:- 



-A k ok 
2 ■'•2 



2 «L_l : — S2,A;-2 + (S24S4,fc-2 + S26S4,fc-2 + •■• + S2,/o-4Sfc-4,/c-2) + ■■■ + ( — 1)^ S24S48---Sfc-4,*;-2 



A34 : — Sk-S,k-2 + (Sfe-8,fc-4Sfc-4,fe-2 + Sfe_8,fc-6Sfe_6,fc-2) — Sfc-8,fe-6Sfc-6,fe-4Sfe-4,fc-2 
A23 ■ — Sk-6,k-2 + Sk-6,k-4,Sk-4,k-2 
A12 : — Sfc_4,*;-2 



25 



For fc odd 



Ak-5,k-4 



Ak-3,k-2 '■ — Sfc-3,fc-2 
-Ak-4,k-3 '■ — Sk-5,k-2 + Sfc-5,fc-4Sfc-4,fc-2 
— Sk-7,k-2 + (Sfc-7,fc-4Sfe_4,fc~2 + Sk-7,k-6Sk-6,k-2) — Sk-7,k 



-6Sfe-6,fc-4Sfe_4,fc-2 



A k-l fc + l : — S2,fc_2 + (s23S3,fc_2 + S25S5,fc-2 + ■•■ + S2,fc-4Sfc- 



+ (-l)^^S23S35S57-.-Sfc-4,fc- 



2 ' 2 



Sl,fc-2 + (si3S3,fc_2 + Si5S5,fe_2 + •■• + Si,fc_4Sfe-4,fc-2) + •■• + (—1) ^ Sl3S35S57---Sfe_4,fc- 



^34 : — Sfc-8,fc-2 + (Sfc-8,fc-4Sfc-4,fc-2 + Sfc_8,fc-6Sfc-6,fc-2) — Sfc_g,fc_6Sfc_6,fc-4Sfc_4,fc-2 
^23 : — Sfc-6,fe-2 + Sfc-6,fc-4Sfc-4,fc-2 
A-12 ■ — Sfc-4,fc-2 



and: 



1 

1 



fc-3,fc-2 /3fc-4,fc-3 ■■■ Pl2 



* 

1 * 



V 

which we call ruk , for k even, rrik-a for fc odd. 

2 ^ -2~ 

Then, for k even 

= mk_-^^mk_2 ... m^m2mi 

and for fc odd 



1 
1/ 



m fc-3 m fc-5 



Doing a careful computation, we obtain (ES^ and ( 



771377127711 



2) The second step consists of expressing in terms of the entries of the Stokes' factors of S, which 
are simply binomial coefficients. First we prove the following 

Lemma 9: Given an upper triangular k x k matrix S , with entries Sa = 1, we can uniquely determine 
numbers aij such that, for k, i, j all even or all odd: 

Sij — aij + (ai,i+2ffli+2,j + 1i,i+4Cli+4,j + •■• + (Jj, j - 2*1 j — 2, j ) + 
+ (cii,i+2ai+2„i+4fli+4,j +fli,i+2<Ii+2,i+6fli+6,j + ... +aij-4aj-4j-2aj-2,j) +.... + ai_i+2(Ii+2,i+4Cli+4,i+6 ... Clj-2,j 



If k is even, but i is odd, just replace in the formula i + 2 with i + I, i + 4 with i + 3, ect. If k is 
even, but j is odd, just replace j — 2 with j — 1, j — 4: with j — 3, ect. 

If k is odd, but i is even, or j is even, just do the same replacements as above. More explicitely: 



I 



S: = 



1 a-12 ai3 + "12'^23 ftl4 + a-12 a'24 



=^15 + (t^l2C^25 +^14045) 
+ 0.12^24 a-45 

"25 + «24a45 
«35 + a34a45 
^45 



^16 + ("12^26 + ai4a46) 
+ '=^12t^24C^46 



0^26 + "24^46 



^36 + "34^46 



+ (a-12a24a47 + "12^26^67 + ax4a4^QaQY) 
+ '=^12ct24a46'^67 

^27 + {a2A^47 + 026^67) + a24,a4^QaQj 

-^37 + (a34a47 + a^Qa^j) + a34a4gag7 

0-470-46^67 

«57 + CL56057 
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for k even. 



( \ ai2 ai3 0-14^ + ai^a^4^ <^15 + '^'■13'^36 
1 «23 0-24+ 023^34 cl25 + -^23 -^35 



<^1G + (^^13^36 + ^15056) + ^^13^35^56 '^17 + (^13^37 + ^15^5?) + 'il3'i35«57 

^26 + (^123^36 + 'i25«56) + ^23*^35^56 «27 + (^23^37 + ^25^57) + ^23^35^57 
^36 + ^^35'^56 ^37 + "35^^57 

a4Q + 045056 047+045057 



for k odd. 

Proof: We have to solve a non linear system Fij [a] = Sy . 

The sum of the differences between the indices of the factors a in is equal to the difference of the 
indices of s^, namely j — i. 

^From this it follows that the trems non-linear in the a's occur on sub-diagonals which lie above all 
the sub-diagonals containing the factors of the non linear terms. 

Then, the system Fij (a) = Sij is uniquely solvable, starting from the first sub-diagonal and succes- 
sively determining all the Ors going up diagonal by diagonal. 



Corollary 3: With the above factorization, the matrix becomes: 




























1 










1 





— a68 





1 





-046 





— a48 


1 


— 024 





-^26 





-a28 


ai2 


-ai4 





-ai6 





— 0.18 


1 


— 034 





-136 





— 0.38 








1 


— 156 





— 058 












1 


-078 

















for k even; and 





1 
1 







1 

— Ol3 
-023 






1 

-035 
— ai5 

-025 

-045 






1 

— 057 
-037 
—an 
-027 
-047 

— 067 





□ 



(27) 



(28) 



for k odd. In other words, all the non linear terms in formulae ^q ) and \2I\ ) drop. 
Proof: Just substitute the factorization of S in (|25|) , (p6|) . 



□ 



In section 5 we computed the Stokes' factors for S. If we sum all the factors appearing in formula 
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j) we get a matrix of the form: 



(k 



M 



Kik + Kik-i + Kkh-i 



Kk3 + K, 



k2 



* k 

* * fc 



* 



kj 



The * are the binomial coefficient appearing in the factors. If we know M, we can determine ah the 
entries of the single Stokes' factors, because if the entry is not zero for one factor, then it is zero 
for all the other factors. Now, we rename the entries of the factors according to the following rule: 



a.k-2,k 



M ■- 



k 









-2,k- 



\ 



for k even. 



M = 





O.k-4 


k Ok-4,k 


-2 


k 
















Ok-4,k-3 Ok-4,k-l 




0.4k 


04,k- 


2 




0.46 


k 











045 


047 


04, k 


-1 




02.k 


02,k~ 


2 




026 


024 


k 





a23 


025 


027 


a2,k 


-1 




Oik 


Ol,k- 


2 




Ol6 


ai4 


012 


k 


ai3 


015 


Ol7 


Ol.k 


-1 




Ozk 


a3,k- 


2 




036 


034 








k 


035 


037 


a3,k 


-1 




05k 


05,k- 


2 




056 














k 


057 


a5,k 






Ok-3,k Ok-3,k 


-2 


















k afc_3^fc_i 




\ok-l 


k 




















1 


/ 




k 



























ak-2,k 


k 






















Ok-2,k- 


tSfc-4,fc 


ak-4,k-2 


k 


















tSfc-4,fc-3 


Ok-4,k- 


ask 


05^k-2 


05,k 


-4 




k 














056 


Cl5,fc-3 




O-'ik 


a3,fe-2 


0.3,k 


-4 




035 


k 








034 


036 


ffl3,fc-3 


ffl3,fc-l 


0.1k 


ai,fc-2 


ai,fe 


-4 




Ol5 


ai3 


k 


012 


Ol4 


O16 


ffll,fc-3 


ffll,fe-l 


a2k 


a2,fc-2 


a2,k 


-4 




025 


023 





k 


024 


026 


Cl2,fc-3 


ffl2,fc-l 


a,4k 


04,k-2 


04,k 


-4 




045 











k 


046 


04,k-3 


0.4,k-l 


ak-3,k 


ak-3,k-2 




















k 


Ok-3,k- 



\ Ok~l,k 

for k odd. The strange labelling is simply the one such that 

/fc 



k J 



PMP- 



ai2 
k 



0.13 
023 

k 



ai4 

024 

034 



kJ 



where the matrix of permutation is 



P = 







1 









1 



















1 





1 


























1 



1 



Vi 





1 
0/ 
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for k even (the 1 on the first row is on the ^ + 1-th column) ; and 



P = 



1 

1 

10 

1 

1 






Vi 





1 
0/ 



P{KikKi^k-iKk^k-i ... Kk3Kk2 )P-^ is 



for k odd (the 1 on the first row is on the .^ii-th column). 

With this choice of the labelling, the product Supper 
precisely factorized as in lemma 9. 

Then we can write the entries of (formulae ( p7| ) (p^)) from the entries of the Stokes factors (which 
are binomial coefficient). 

The final result is precisely the claim of the proposition. 

□ 



We are ready to prove the main result: 

Theorem 2: Consider the Stokes matrix S = Tp T ^ (k even) or S — Tp^ Kk2T 2 (k odd) for 
the quantum cohomology of CP*^"'^ and set it in the upper triangular form Supper —PS P~^ by the 
permutation P. Then, there exists a braid (3 (Lemma 8), represented by a matrix (Proposition), which 
sets Supper in the form (j£^. The last column is negative, but conjugation by T ^ diag(l, 1, 1, — 1) 
makes it positive. We reach the canonical form: 




i < j 



Another conjugation by diag(— 1, 1,-1,1,-1,...) brings the matrix in the equivalent canonical form 




i < j 



Finally, by the action of the braid group, the last matrix can be put in the form 

f k-l+j -i\ . . 

In all the above matrices 

Sii 1, Sij ^ ^ J 



Proof: First, we want to explain which is the braid which brings the upper triangular matrix with 

' fc - 1 + j - i ' 



entries — (— 1) 
known result |2a 



k 



in the matrix s, 



We make use of the following 



Consider the upper triangular Stokes ' matrix S , the braid P = /3i2(/323/?i2)(/334/?23/?i2) ... {Pn-i,nl3n-2,n-i---P23Pi2) 
and the permutation 

1 



P 



Then, the relation 
holds. 



\s~-^\^ = PS^P 



J 



(29) 



29 



Observe that for the matrix S, whose upper triangular part has entries s^j = ( . . j , we 



have PS^P = S. Moreover, ^ is upper triangular with entries Sij — (—1)-' ' 
that S and S^^ are equivalent w.r.t the action of the braid group. 



k 

i - i 



This proves 



— fc 

Let us now prove the theorem staring from k even. We have to prove that P T-2 p-^[At^f 
is in "canonical form" ( p4| ) . The proof "reduces" to the computation of products of matrices explicitely 
given. We do the products in an shrewd way. First we rewrite 



5-/3 = aP Tf P-^) ^ {P T-i P-I) ^ [Af^f 



and we compute: 



P Tf 



1 

10 

1 

1 

1 



L 

\ 1 



1 / 

/ 



1 > 
10 



10 
10 




(in P ^ the 1 on the first column is on the ^ + 1-th row) 






-1 















-1 


-1 


























-1 






Thus 



(P Tf P~^)"- 



-1 
-10 

1 0/ 



-1\ 



-1 



-1 



Vi 



Then, using the expression of A^ from the proposition 

/ 



F ■- yl" (P Tf P~ 








(^) 
(^) 



(3) - 



Us) 



V-i 



, 

1 0/ 



0) 
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(the -1 on the last column is on the |-th row). 

Using the explicit expressions for Kks and Kk2 of section 5 we compute 

\ 



/O -1 




= Tp 1 Kk3 Kk2 = 



Vi 



-1 

-1 
J 



Kk3 Kk2 



-1 




/ 



Then 



/ -1 



p y-1 p-1 ^ 





-1 - 



k - 2 } 







- 



(^) 



V 



{1)1 



After this we computed F [P T-^ p-^], F [P p-^] [P p-^], F [P p-^ p-^\ 

k 

F \P P^^ P^i ^ ■ We omit the intermediate computations and we give the final result: 



/ 



Fi ■- F iP T~ 



(^) 
(3) 



-(3) 



^ ik'-.) (,13) ° 



,k-2, 

' k ^ 
fc - 1 , 



fc - 4 
fc 

- 3 
fc 

fc - 2 
fc 

fc - 1 



k - 2 } 
k ^ 
k - 1 , 



\ 



Now, multiplying Fi [A^]'^ , we obtain precisely the "canonical form" (]2^). 
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For k odd, we did a similar computation. We omit the detail, but we indicate the order of multi- 
plications which yielded the most simple expressions to multiply step by step. Our aim is to compute 

P Tp^ Kk2 {Tp^ Kk3 Kk2)^ P^^ [APY". First, we computed PTpP^^ then {PTpP^^)^ , 
then F := A^ {PTpP"^)^ . After this, we computed PKk2P~\ and Fi F PKk2P^^- Finally, we 
calculated m := P Tp^ Kk3 Kk2 and Fi m, Fi m m, F2 Fi toV". The matrix F2 [A'^]'^ 
proved to be in "canonical form" . 

□ 



7 Canonical form of S ^ 



The matrix such that ^^.(2:) = Yl{z) can be put in the same canonical form of S, as a 
consequence of the relation (p9|). The only remarks we want to add concern the braid which brings 5"^ 
to the canonical form, because it arranges the lines Lj in a "beautiful" shape. 

Lemma 8': Let the points Uj be in lexicographical order w.r.t the admissible line I. Let us denote 
CTi^i+i := P^l^i- Then, the following braid arranges the poins in cyclic clockwise order, ui being the first 
point in 11^ for k even, or the last in Tin for k odd (w.r.t the clockwise order) (see figure 6): 

P' '■— (o'340'56f78 •■• 0'A;_3,fc-2O'fc-l,fc) (o'450'670'89 ••■ Crfc_4,fc_3Crfc_2,fc-l) ••■ {<7 K ^iL + if^ K+2A+3) '^l^ + lA^ 



(f^|+2,|+3f^t+3,|+4 ••■ Crk-2,k-lCrk-l,k) (o-fc_^2,|+3'^i+3.|+4 •■• 0-fe-2,/c-l) _^2, |+3^| +3, 1+4) <^^+2,^+3 

for k even, and 

l3' := /3l2 (o'450'670'89 ... (Jk-3,k-2(^k~l,k) (o'56f78 ••■ (^k~4:,k-3'^k-2,k-l) ■■■■ {cr k+i k+3<7k±5 k + i) CT fc + 3 fc+5 

L 2'22>2 2'2 

(CT fc + 5 fc + 7 CT fc + 7 fc + 9 ... (Jk — 2 fc — lO'fc— 1 fc) (C fc + 5 fc + 7 (7 fc + 7 fc + 9 ... O'k — 2 k — l) (cr fc + B fc + 7 Cr fc + 7 fc + 9 ) (T fc + S fc + 7 

2'2 2'2 ' ' 2'2 2'2 ' 2'2 2'2 2'2 

for k odd. 

A careful! consideration of the topological effect of the braid on the lines Lj shows that they are 
arranged as in figure 6. To reconstruct the configuration it is enough to know the admissible line I 
(at angle e w.r.t. the positive real axis). In fact, ui is the first point in 11^ (in clockwise order) for 
k even, or the last in 11^, for k odd. The lines come out of the points in centrifugal directions. They 
go to infinity, without intersections (so preserving their lexicographical order w.r.t /) with the original 
asymptotic direction f — e. 

Proposition 1' The matrix representing (3' is 



:-3) ^ 



, fc - 6 I 



4/3' = 



(#-0 (#-3) 



(3) 
(^) 



(0 
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k even k odd 



Figure 6: Lines Lj (Branch cuts) after the braid which brings S ^ to canonoical form 
for k even, and 




for k odd. 

The proposition is proved as in the previous section. FinaUy, the analogous of Theorem 2 holds: 

Theorem 2' Consider the Stokes matrix S'^ = Tp (k even) or S = K'^T^ (k odd) for 
the quantum cohomology of CP'^~^ and set it in the upper triangular form S~^p^^ = P by the 

permutation P. Then, there exists a braid /3' (Lemma 8'), represented by a matrix A^^ (Proposition 1' ), 
which sets S~^^^ in the "canonical form". The entries Sjj have minus sign for j>| + l, 2<-| + l 
and k even, or j > i < -^-i^ and k odd. A suitable conjugation by I = diag{l,l, ...1,-1, ...,—1) 

sets all signs positive and the final matrix has entries 

Sij = (^j^ , Sji = 0, for i < j, Sii = 1 
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Proof: The proof is similar to the one of theorem 2. 
Examples are found in Appendix 2. 



8 Relation between Irregular and Fuchsian systems 



Let us consider the fuchsian system 



which can also be written 



(30) 



dX 



A 

^ X-Uj 



A, 



V 



{Ej)jj = 1, otherwise {Ej)r 



Around the point Uj a fundamental matrix has the form 

[Bo + OiX-u,)] (X-u,)'' 

where M =diag(— ^,0, ...,0) and the columns of Bq are the eigenvectors of Aj; in particular, the first 
column is (0, .., 0, 1, 0, 0)"^, and 1 occurs at the j*'' position. Then, the system has k independent 
vector solutions, of which fc — 1 are regular near Uj and the last is 



+ O (^^/X~^'^ X 



where 1 occurs at the j row. For any uj we can construct such a basis of solutions. The branch of 
^JX — Uj is chosen as follows: let us consider an angle rj with a range of 27r, for example — f < ?? < 



Sir 



such that ry ^ arg(ui — Uj), Vi ^ j. Then consider the cuts Lj = {X ■ 



pe 



p > 0}. Actually, the 



cuts have two sides, — {X — Uj + pe^^, P > 0} and = {A = uj + pe*'** p> 0}. The branch 

is determined by the choice log(A — Uj) — log \X — Uj \ +17] on and log(A — Uj) ~ log | A — | +1(77 — 27r) 



onL". On C\U, Lj, VA 



ui, \/X — Uk are single valued. 
For any two (column) vector solutions (/'(A), ^p{X) we define the symmetric bilinear form: 

(0,^^) :=0(A)^(A-[/)VXA) 



which is independent of A and ui, Let G be the matrix whose entries are Gij — (0* 

particular, Gu = 1. Then, it can be proved (see 1^ and also jl^ ) that near Uj 

0«(A) =G,,0(^)(A)+r,,(A) 
where j (A) is regular near Uj . For a counter-clockwise loop around Uj the monodromy of > 



In 



IS 



Then, the monodromy group of acts on ^C'^) as a refiection group whose Gram matrix 

is 2G. In particular, i/)'-'^', 0*^''^ are linearly independent (and then a basis) if and only if detG 7^ 0. 



Now consider an oriented line I of argument 6 = j — rj, and for any j define the following vector 



dX (/)(^') (A) 



(31) 



73 



34 



which is a Laplace transform of (f>^^^ . The path 7^ comes from infinity near Lj' , encircles Uj and returns 
to infinity along LJ . We can define Hl = {0 < argz < 6 + tt} and Hr = {6 ~ n < argz < 6}. 
A = 00 is a regular singularity for (^o|), then the integrals exist for z e 11^, and the non-singular matrix 



has the asymptotic behaviour 



Y{z) 



I + O 



e^^ z 



00, z e Hl 



and satisfies the system (f4). Then it is a fundamental matrix Y^. Note that I is admissible, since it 
does not contain Stokes' rays. 

It is a fundamental result that the Stokes' matrix of ( llil) satisfies 

S + S^ = 2G 



9 Monodromy Group of the Quantum Cohomology of CP 



k-i 



A system like (|30| ) comes about in the theory of Frobenius manifolds (replace U 1^ U{t), V 1^ V{t)). It 
determines flat coordinates x^{t, A), x'^{t, A) for a linear pencil of metrics ( , ) — A < , >*((,) is 
the intersection form (l^)- We write a gauge equivalent form (gauge X{t'^)) at the semisimple point 

(o,t^o 0) 



A fundamental matrix ip(t, A) has entries ipa ^t, A) = daX^^^{t, A). Moreover, by 



dj\t,z) = - 



dX do^x^t.X) 



(32) 



(33) 



The Monodromy group of the Frobenius manifold M is the group of the transformations which 
(x^(i, A), ...,x^{t, A)) undergo when t moves in A/\Sa, where = G M | det [( , ) - A < , >] = 
} is the discriminant of the linear pencil. 

Due to formula (|3|), for CP'=-^ this group is generated by the monodromy of the solutions of ( p32[ ) 
when A describes loops around ui{t), ...,Uk{t) (see ||l^)- To these loops, we must add the effect of 
the displacement t'^ 1^ t'^ + 27ri. In fact, in this case 

[^(^)(zeT),...,<^W(zeT)] ^ [(^(i)(zeT),...,<^W(zeT)] T 

and the same holds for i{z, (0, i^, 0)). 

Then, the monodromy group of the quantum cohomology of CP''^^ is generated by the transforma- 
tions i?2, Rk, T introduced in the preceeding sections. 

We are going to study the structure of the monodromy group of CP*'^^ for any A; > 3. Recall that 
the matrix S for (^4|) is not upper triangular, because in U the order of ui, Uk is not lexicographical 
w.r.t. the line I. Then, Coxeter identity is —S~^S'^ — product of the i?j's in the order refered to I. For 
example, for fc = 3, S~^S'^ = —R2R3R1, since the lexicographical ordering would be U2, U3, ui. From 
the identity S^^S"^ ~ ^_^-^k-irpk follows a first general relation in the group 

T'^ = (— l)'^ product of i?j's in suitable order 

Two cases must now be distinguished. 

k odd: As a general result det G = if and only if y + | has an integer eigenvalue. The eigenvalues 
of V are Then, for k odd, det G 7^ 0, and (/)(^\ ^^'^^ are a basis. The matrices 

Rj are 

/ 1 \ 



i?7 



-2Gji — 2G 



j2 



-2G 



jk 



1 / 
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where S'^ + S = 2G. 

In concrete examples, we have "empirically" found other relations like 

i?2 =Pi(T, Ri) 

R2=P2{T,Ri) 

Rk=Pk{T,Ri) 

where Pj{T, Ri) means a product of the elements T and We have also found the relation 

{TRi)'' = -I 

We investigated the following cases: 
CP^ (k = 3) 

i?2 — TRiT , Rz — T (i?ii?2-Ri) T 
(TRif = -I 
= -R2R3R1 

CP^ (fc = 5) 

f i?2 = TRiT-\ R3 = TRiT-^ 

I i?4 — T (i?2-^3-R2) T ^, i?5 = T" ^ (i?2-Rl-^2) T 

{TRif = -/ 
= -R3R4R2R5R1 

(fc = 7) 

7?2 = TRiT-^, R3 = TR-zT-^, Ri = TRzT-^ 
Ri = T {R3RiR3)T-\ Re = T{TRif R2 [T{TRif]-'' 
Rr = T-'^{R3R2R3)T^ 
{TRif = -I 
T = — R4RQR2RQR2R7R1 

Note that one ralation, for example that for Rk, can be derived from the others, and that just T, — / 
are enought to generate the monodromy group in each of the examples. They satisfy {in the examples) 
the relations: 

Rl = {-I T Ri)'' = {-If = I 
R^{-I) {{-I)R^)-'=I, T{-I) {{-I)T)-' = I 

The last two relations mean simply the commutativity of — / with i?i and T. The relations are not only 
satisfied, but also "fulfilled" (namely, (-/ T 7^ / for n < /c). Now call 

X:=Ri, Y:=-ITRu Z = -I 

These elements generate the monodromy group of CP*'"^ with at least the relations 

X'^ = Y^ = Z'^ = 1 

{zx){xz)-^ = 1, (zy)(rz)-i = i 

Note that Z generates the cyclic group C2 of order 2. 

If there were no other relations (which we did not find "empirically" ) , we would conclude that the 
monodromy group of the quantum cohomology of CP*^ {in the examples) is isomorphic to the direct 
product 

< X,y I = y'= = 1 > XC2 
where < X,Y \ X'^ = y*^ = 1 > means the group generated by X, Y with relations X^ = y*^ = 1. 
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k even: Now det G = 0, since V + has integer eigenvalues. G has rank k — 1 and the eigenspace 
of its eigenvalue has dimension 1. Let {z^ , z'')'^ be an eigenvector of eigenvalue 1. The vector 



is zero, because 



= Vi 



then 



= 



and fc — 1 of the (jj^^'^^s are linearly independent. The fuchsian system ( |3C| ) has a regular (vector) solution 
(f>o{X) — X]ji=o 't'nX"i where are constant (column) vectors, and 4>d is the eigenvector of relative 
to the largest integer eigenvalue less or equal to zero; this eigenvalue is precisely —d (see 0). In our 
case, d = and (/)o(A) = 0o, a constant vector. (/)(^\ c/jq is then a possible choice for a 

basis of solutions. 

Observe that in the gauge equivalent form tp = Xcj), tpQ is the eigenvector of ^ + /i with eigenvalue 
zero. Then 

82 X 



1 



\dkx/ 



where all the entries are zero but the one at position f + 1- a; is the flat coordinate for ( , ) — A < , > 
corresponding to ipQ. Then, we can chose the following flat coordinates: 

x\X,t), x^iX,t), ... , x'=-i(A,0, 

The monodromy group then acts on a fc — 1 dimensional space. 

Let us determine the reduction oi Ri, R2, Rk, T to the fc — 1 dimensional space. The entries of 
T on the vectors (j>^^'> are: Tcf)^''' = Y.^^^ Tjicj)^i\ i = 1, fc. On the new basis (f>^''~'^\ (f>Q the 

matrices are rewritten 

(J) z = l,..,fc-l j^k 



i ^ fc 




* 
* * 
1^ 

We studied two examples; besides Coxeter identity T'^ =product of i?j's, we found relations similar 
to the case fc odd: 

i?2 =Pi(T,i?i) 
R2^P2{T,Ri) 



and 

Namely: 



Rk=PkiT,Ri) 



{TRif = I 
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CP=^ (fc = 4) 

( R2= TRiT-\ Rs = TiZaT-i 
\ Ri= {R2R1R2) T 

{TRif = / 

= R3R2R4R1 

CP^ {k = 6) 

R2=TRiT-\ Ri = TR2T-^ 
R4 = TR3T-\ R5 = T {R2R3R4R3R2) T-^ 
Re = T ^ (i?2-Ri-^2) T 

{TRif = I 

= R4R3R5R2R6R1 



The same remarks of k odd hold here. Call 

X '.= Rij Y '.= R\T 

then, if there were no other hiden relations, the monodromy group of the quantum cohomology of CP*^ 
{in the examples) would be isomorphic to 

<X,Y, \ = Y^ = l> 

Note that < X, F, | X"^ = y*' = 1 > is (isomorphic to) the subgroup of orientation preserving 
transformations of the hyperbolic triangular group [2, A;, 00]. 

Lemma 10: The subgroup of the orientation preserving transformations of the hyperbolic triangular 
group [2,/c,oo] is isomorphic to the subgroup of PSL{2,'R) generated by 

1 

r 

r 

1 



2 cos f - r 



t€H :={z€C \^z>0} 

Proof: Consider three integers mi, 1712, ms such that 

111, 
— + — + — < 1 
mi m2 ms 

In the Bolyai-Lobatchewsky plane H, the triangular group [mi, m3, m^] of hyperpolic reflections in the 
sides of hyperbolic triangles of angles ^ is generated by three reflections ri, r2, satisfying 

the relations 

rl = rl =t\ = (rars)™^ = (rsn)™^ = [virxT^ = 1 
and the subgroup of orientation preserving transformation is generated by X = r-iv^, Y = rsri, Then 

^mi _ ■j^m2 _ (^XY)"''^ = 1 

For mi = 2, m2 = k, = 00, a fundamental triangular region is {0 < 5f2; < cos f } n {\z\ > 1}. Then 

1 TT _ 

nir) = -T, r2(T) = -, r3(r) = 2cos- - T 

T rC 

The bar means complex conjugation. Then 

X{r) = --, y{r) = - \ 

^ ^ T ^ ^ 2cosf -r 

□ 

Remark : The orientation preserving transformations of [2, 3, 00] are the modular group PSL{2, Z). 
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Theorem 3: The monodromy group of the quantum cohomology o/CP^ is isomorphic to 

<X,Y, \ = Y^ = 1> xC2^ PSL{2, Z) x C2 (34) 
The monodromy group of the quantum cohomology of CP^ is isomorphic to 

< X,Y, I X^ = = 1 >= orient, preserv. transf. of [2, 4, 00] (35) 

The theorem for the case of CP^ is already proved in ||l^ . 
Proof : a) CP^: 

Ri 





3 













■ 


1 








3 


i 











{ 


-1 





and X — Ri, Y = —ITRi and Z = —I satisfy the relations of (p4). They act on the column vector 
y . The quadratic form q{x, y, z) ~ x^Gx is Ri and T - invariant. Then T, Ri act on two 



z 



dimensional invariant subspaces q{x,y,z) = constant. On each of these subspaces we introduce new 
coordinates x G R- ^nd cp S [0, 2tt). Let t = e*''' and 

a , _ 3 , _, , 1 
x= -(tt- 7:(T + r) + l) 



2' 2' ' ' T-f 

a / _ 1 . _N i 

V = —Itt (r + T) — 1) 

2^ 2^ ' ' T-f 

a , _ 1 , , i 

z^l^i-rr--iT + r) + l) 



2' 2' ' ' T-f 

a e R, a 7^ 0. Note that q{x, y, z) = > 0. Then, it is easily verified that 

x(-l)=-X x(r) 
r 

x(-^) = Y x(r) 
1 — r 

x(r, —a) = Z x(r, a) 

. This implies the 1 to 1 correspondence between the generators of the modular group and X and Y . 
b) Case of CP^ 

/-I 4 -10 0\ / 1 On^ 

1 7.^ -1 30 
^ 1 0' 0-130 

Voool/ Voool/ 

The matrices are already written on 4>^^\ (t>^^\ 4>o- Recall that the monodromy acts only on 

x^,x'^,x^, because the last flat coordinate is t^ . This action is given by the following three dimensional 

' X ^ 

matrices, acting on a three dimensional space of vectors x = | ?; 



ri 



We redefine X — ri and Y — tri, which satisfy the relations (p5|). We proceed as above, defining 

X = a{TT j={t + t) + -) 





4 















1 


■f) 









■ 


V 









{ 


-1 





V2 3' r-f 
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, 2 _ 2\/2, , 2, i 
V = a{--TT — (r + t) + -) 



3 3 ' ^ 3' r-f 

,1 V2, . 1. « 
z = a[——TT TrKT + ■'')+ 



3 6 ' ^ 3' T-f 

a ^ 0. Note that x'^'gx = (8/9)a^, where g is the 3x3 reduction of G. It is easily verified that 

x(-i) = -A- x(r) 

which proves the theorem. 

□ 



APPENDIX 1: Proof of Lemma 5 

Let us consider the function 



/ — C+IOC 
-c— zoo 



where C and / are constants to be determined later, c > 0. The path of integration is a vertical line 
through — c. 

a) Domain of definition. We use Stirling formula 

r(~s) = e"e-("+5)i°g(-'')\/2^(l + 0(1/5)) s oo, |arg(-s)|<7r 

where log(— s) = log(s) + iir. 
The integrand is 

Y^{ — s)e^'^^'^Z^'^ ^ gfes(l+logz)g-fc(s+i)log5g-ifc7r(s+i)+i7rs/ g ^ gO 

Now let s — —c + irj, ds = idr]. The integral in rj is on the real axis. The dominant part in the integrand 
is 

gr;[fc arg(ir; — c)+fc7r — /c arg z — irf] 

The condition of (uniform) convergence of the integral is 

Vr TT TT TT 

— 7: — J-r < arg z < — ~ f — 
2 k ^ 2 ■' k 

b) g solves (|l3|). In fact (for simplicity C = 1 here): 

/ — C+ioO /•— C+200 

r'=(-s)e"-^"s'=z'=" = (-l)'=fc^- / ds r'=(l - s)e'"^"z'^" 

-c— -ioo ^ —c—ioo 

where we have used the identity 5r(— 5) = — r(l — s). Now let t — s — \\ 

/ — c— l+too 
dt T^{~t)e'''f'z^' 
-c— 1— too 

- {-lfe^^f(kzfg(z) 

Now we impose (— l)'^e*'^''^ = 1, namely 

/ = fc + 2m meZ 

Point b) is proved. 
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c) Asymptotic behaviour of g{z). We use Laplace method for analytic functions (the so called 
"steepest descent method"). Put C = 1. By Stirling's formula 

/—c+ioo 
ds e*(*) 
-c—ioG 

(j){s) = s [k{l + log z) + iwf — iwk] ~ ^ (^^ s + 

The the stationary point of 0(s) is 

In the hypothesis ^; — > oo a straightforward computation gives 



Z ^ 00 



We are ready to apply the steepest descent method. We deform the path of integration in such a way 
that it passes through sq- Let us call it 7. 



g{z) = (27r)*e-'5*e'^('"') / ds e'^^'^-'^^'°^ 

J "V 



i^k <p{so) 



f 1 d'^'PUa) 

ds 

J '7 



Let us divide 7 in two paths: 71 from sq to +200 and 72 from — ioo to sq. The integrals becomes the 
sum of two integrals. In we change variable. Let r > and 



Then 



f d^HsQ) , ,2 1 [tt 1 



-ik-f)- 



+ 0(e-"l^l) a>0 



Note that J^^ = J^^ . Now, recalling that f = k + 2m, we conclude that 



1 e*'^"* -2^ 
^rr exp(fce*T"»^) ^; ^ 00 



If we choose 



Vk 

m = n-l + kl IgZ 



and C ■■ 



we have 



9{z) 



1 e*^("~^) -2,/ ■,^ 

— exp(fce*T("-i)^) 



Then g' is a solution on the domain 



- 2(n - 1)^ - 27rZ < arg^ < - 2(n - 1)^ - 27rZ 
2 k 2 k 



d) We now determine the domain where the analytic extension of g{z) still has the above asymptotic 
behaviour. Prom Lemma 4 we derived that the first entries of the n{kY^ columns of Yl and Yr are 
equal and coincide with ijS^^'^''-' (z) = ip^^^''^\z) times z^^ , and has the estabilished asymptotic 

behaviour on the enlarged domains 

TT TT 

— - — TT < arg z < n + — 
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27r 

— TT < arg z < n + — 
k 

If in g{z) we chose n = n{k) and Z = — 1 the integral representation holds for — f < argz < ^ 
for k even, and for — f + f < argz < -I + |- for fc odd. Then its analytic continuation is precisely 

e) We prove the identity (p^. Observe that {zdzY^p — {kzYip is invariant for z i— > z e^. A generic 
solution can be reperesented near z = as 



^(^) = r-uk + '^"'^ log ^ + ... + a,'^' log'^ ' z 



It follows that the operator {Atp){z) — ip{ze ") has eigenvalues 1, because on the basis obtained with 



(ao^ =1, a'^o 



(2) 



0), (a« = 0, a^^^ = 1, = ... = ai;> = 0), « 



,(2) 



.(3) 



0, flg'"'' = 1) it is represented by a lower triangular matrix having I's on the diagonal. Then {A — 1)*^ = 
and 

(A-l)'=5(z) = 



(k) 



.(1) 



Ak-l) 



is precisely our identity. Lemma 4 is proved. 



APPENDIX 2: 

First we give and $l. ^ odd: 



□ 



^ , ^ 2Tri , k 1 . / J, \ 2771 (- 3 -. 



3(" '*")-(i)s(" ^fe' ) + ( 2) 9(^) - (3) SC^"^" ) + (J) SC^""" ) 
-g(^e"^) + (5") 9(^) - (2) 9("^) 



-g(ze fc ) 
47ri 



h — 1 2Tvi f fc-1 , 

(-l)^~s(«e fc ^T-J) 
fc-1 _ 27ri / ^^-3 

-(-1) 2 g(„ fc ^T-') 



-g(ie fc ) 



-9(" fc')+(^^^)g(., 
(fc-l)f<"^)+(fc-2)3(-)- (fc-3)f<""^) 
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k even: 



k 

(-1)2 



*-*-F)+ . 



) + I 

. 27^^ 



■) + (J) gM 

-S(«e fc ) 
47ri 
ff(ze fc ) 



(-1)2 lg(,e *2 ^') 



I 9(" ) 



F) 



3(^) 



g(^e fc ) 



(,"l)9("^)+(fc!2)s<-)-(fc-3)s< 



) + 



(-1)7- 



k ) 



We give all the matrices of interest up to /c = 10. Supper is PSP ^. A stends for A^^, A' for A^^' . 
= ASupperA^ , = A' S^pp^^[A']'^ . cTj^i+i := P^l^i 



CP^ 



CP3 



Kl2 




Ki3 := 



T : 






"1 





0" 


K32 ■■= 





1 


3 




.0 





1. 





' 1 





0" 




"1 


3 


-3" 


S := 


-3 


1 


3 


psp-^ = 





1 


-3 




.-3 





1. 




.0 





1 . 





'1 








0" 






" 1 





0" 







1 





6 






-4 


1 













1 













1 4 













1 






_ 





1_ 


" 







1 






■ 





1 


-1 







6 4 


Ti := 


-1 





3 







-1 


4 





-1 


3 












1 0_ 




_ 





1 










" 1 







" 














-4 




1 


6 










S: 




10 




-4 1- 


20 














-4 







1 







P := 



10 

10 
1 
10 



1 


-4 


-20 


10 





1 


6 


-4 








1 


-4 











1 
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A 



where /3 = /3i2 
CP^ 



10 0' 
14 
10 
1 



A' 



10 
10 
0-41 
10 



14 6-4 

14-6 
1-4 

1 



Kb2 := 



1 

-5100 

1 10 

1 

1 



K53 := 



1 

1 10 

15 

1 

1 



T := 



- 








-1 











-1 


5 








-1 


- 










10 



11 

5 



10 









OJ 



s = 



P := 



1 Oi 

1 

10 

1 

1 



r 1 
-5 
15 

40 
L-5 

1 5 

1 











1 
-5 1 5 

-10 1 





-5 
-10 

1 







-40 



- 
10 

-40 

-95 

1 . 

15 1 



-95 40 



10 
1 





-5 
-5 
1 . 





-0 


1 


0- 








-0 


1 





0- 




1 


5 











1 


5 








A := 


1 


10 







A' 







1 
















1 














-5 


1 




-0 








ij 








.0 





1 


0- 








-1 


5 


10 


10 


-5 - 















1 


5 


10 


-10 


















1 


5 


-10 





















1 


-5 












-0 











1 . 







where /3 = /323/3i2, 
CP^ 



■ /3l20'4B- 







-1 














- 






- 1 











- 











1 











15 






-6 1 


























1 





15 





K63 







1 








20 















1 
















1 


6 























1 


















1 











.0 
















1 . 






. 











1 . 




- 


















1- 






- 1 



















-1 















15 


6 






-6 


1 













15 





-1 







15 




20 







S := 


21 


-6 


1 







15 


-70 










-1 


6 














-56 21 


-6 


1 




-84 


210 













-1 














105 


-20 










1 


-294 


. 















-1 


0. 






. -6 
















1 



Ti := 



- 













1 


0- 


-1 













5 










-1 





15 


25 













-1 


6 


1 
















-1 


-1 





. 
















1. 




-0 








1 


0- 












1 





















1 












1 



























1 






.1 











0. 
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A 





■0 








1 





0- 




rl 















0- 









1 





6 













1 

















1 


6 





15 


















—20 


1 







:= 














A' ■= 




















u 


u 


1 

X 


90 
ZU 


u 










u 




— iO 


u 


f\ 1 
— O 1 


















1 















6 





1 






.0 














1. 




.0 







1 





0. 




-1 


6 


15 


20 


15 




-6 










1 


6 


15 


20 


-15 


-6 





1 


6 


15 


20 




-15 











1 


6 


15 


-20 


-15 








1 


6 


15 




-20 


5"' := 












1 


6 


-15 


-20 











1 


6 




-15 















1 


-6 


-15 














1 




-6 




















1 


6 


.0 
















1 . 























1 



where /3 = l3l2 {(334/323^12), (3' = [(0-34ITb6)0-46]0'66- 







"1 
























1 











21 












1 





35 







K72 













1 


7 





















1 





















1 











.0 
















1 


- 



















1- 




-1 
















21 


7 







-1 










35 


35 













-1 




7 


21 





















-1 



























-1 










. 
















-1 


0. 





K73 : 





■ ] 














" 








7 1 





















1 








35 




i '■= 





1 





21 















1 





















1 









. 











1 . 




- 1 






















-7 




1 














21 


28 




-7 


1 








35 


-112 


-84 


28 


-7 


1 


7 


-224 378 


-378 


112 


-21 





1 


-728 1638 


224 


-35 











1 


-728 


. -7 

















1 



1 01 

1 

1 

1 

1 

1 

1 



A := 







1 
1 






1 0' 
7 





1 
7 21 

21 35 
35 



1 




10 



1 7 21 35 35 21 
7 21 35 35 



1 













1. 

-7 
-21 

21 35 -35 
21 -35 
7 
1 




A' ~ 



-21 
-7 
1 



5"' := 



1 






1 7 ^ 

1 








LO 



where (3 = (/323/3l2)(/345/334/323/3l2), = /3l2[(lT450'67)f56]lT67- 



K82 := 



1 




















" 





1 

















28 








1 











70 














1 





28 




















1 


























1 


























1 


























1 . 



K83 := 



1 

-8 


















0- 
































-35 


1 










-21 





-7 


1 




7 





1 







1 








0. 




35 


35 




21 


-7 


21 


35 




35 


-21 


7 


21 




35 


-35 


1 


7 




21 


-35 





1 




-7 


-21 










1 


7 













1 














" 

















1 











56 


1 








56 








1 


8 














1 

















1 

















1 . 



45 



T := 












-1 











-1 











-1 







































S:= 



1 








-8 


1 





36 


-8 


1 


-120 


36 


-8 


330 


-120 


36 


-1512 


378 


-56 


420 


-56 





-8 























1" 















28 


8 




U 




u 


/U 


OD 


U 




U 




Zo 


OD 


U 


U 




— 1 




Q 

o 


U 


U 


U 




U 




— i 


U 










U 




u 


— i 
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where 13 = (/356/345A54/323/3l2)(/345/334/323)/334(/378/367/356/345/334/323/3l2), 
and j3' = [(cr34a56a'78a9,10)(o"45O'67O"89)(o'56O'78)o"67][(o'78O"89a"9,10)(o"78O"89)o'78]- 
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